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CHARACTERIZATION OF NONLINEAR DYNAMIC SOIL PROPERTIES FROM 
GEOTECHNICAL ARRAY DATA 

S. F. Ghahari, and E. Taciroglu 

Department of Civil & Environmental Engineering, University of California, Los Angeles 

Abstract 

Dynamic soil properties are key ingredients of analyses for predicting/assessing soil-
structure interaction (SSI) and site response effects under seismic excitations. While there is 
already a large amount of valuable data recorded by numerous geotechnical arrays worldwide, 
there is no reliable technique that enables the extraction of dynamic nonlinear/hysteretic 
properties of soil layers. Herein, a stochastic filtering method devised for estimating the 
nonlinear soil properties from earthquake data recorded by geotechnical arrays.1D-3C finite 
element site models are used, and the soil layers’ constitutive model parameters and input 
excitation (bedrock or within motions) time-histories are identified using Unscented Kalman 
Filtering techniques. The method is first verified using synthetic examples and then validated 
using real-life data from centrifuge tests as well as the well-known Lotung site. Subsequently, 
the method is applied to earthquake data recorded by several CSMIP Geotechnical Arrays. 

Introduction 

Although near-surface nonlinear soil layers have negligible dimensions  compared to  the  
path-lengths  that seismic waves traverse  from the source  to the  site, they  significantly contribute  
to  the observed motion at  the ground surface  [1]. Realistic physics-based predictions cannot be  
achieved unless they are  the said nonlinearities are  into account. While there are several  veritable 
analytical and numerical methods to predict site-response  given bedrock or outcrop motions  
(e.g., [ 2]–[4]), t heir accuracies  inherently depend on the knowledge of  the  soil  layers’ dynamic 
properties. However, laboratory testing of “undisturbed”  soil samples inevitably involves some  
violation  of in-situ conditions. For example, loading paths in the laboratory  tests are significantly  
different from those  that the soil experiences in  the field.  Field measurements  had been 
suggested  to r esolve this problem. Cross-Hole Tests (CHT),  Down-Hole Tests (DHT),  
Suspension Logging, Seismic Reflection, Seismic Refraction, and Spectral Analysis  of Surface  
Waves (SASW) are among various methods  that are  used for measuring  shear wave velocities of  
soil layers,  which is a  key parameter for predicting the linear dynamic  responses  of a  soil deposit.  
However, even these in-situ  tests cannot mimic the  site's actual behavior under real-life  
earthquakes because the sources of  real-life seismic waves are  inherently  different from those  
used in in-situ tests. Moreover, in-situ  tests are typically  only able  to  capture the very-small-
strain (and  thus linear) soil layers' responses. On the other hand, it is well accepted that soil 
mostly behaves nonlinearly during even moderate earthquakes  and reaches strains well beyond 
those that can be induced in conventional in-situ tests  [5].  
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Not surprisingly, the estimation of dynamic site properties from recorded ground motions 
has been an important topic of research (for example, [6], [7]) because earthquakes may be 
regarded as prototype in-situ dynamic tests carried out by nature and the data recorded during 
earthquakes offer precious opportunities for the study of in-situ behavior of soil within a strain 
range that has engineering significance.  However, most of the identification studies carried out 
in the past are limited to linear or equivalent linear soil properties of soil layers [8], [9]. These 
limited studies, in which soil nonlinearity was considered, have limited applicability because the 
assumed constitutive nonlinear model was very simple [10]. Moreover, in many of these studies, 
in-depth motions were used as input excitations through the conventional outcrop method (with 
absorbing boundary condition), which reduces the method's applicability range. More 
importantly, it is well accepted that within motions are polluted by down-going waves and 
should not be used as outcrop input excitations [11]. 

In this project, within a proposed general framework for nonlinear site characterization, 
which resolves all of the aforementioned limitations, we developed, tested, and validated input-
output and output-only identification algorithms to estimate the nonlinear soil properties form 
data recorded in a geotechnical array. The proposed framework was verified using synthetic 
examples and validated using centrifuge data as well as real-life data recorded at the well-known 
Lotung site. 

The Proposed Framework 

As schematically shown in Figure 1, the objective is to identify (i) the most plausible 
nonlinear constitutive model, (ii) parameters of the selected model, and (iii) the incident motion 
by using data recorded at several depths. A common simplifying assumption is also adopted— 
namely, the problem is an ideal 1D case with known layering and some relatively good initial but 
uncertain estimations of the parameters. 

Figure 1. The proposed framework. 

There are two approaches to carry out dynamic site response analyses,  as shown in 
Figure  2. In the more traditional approach, the site is modeled  up to the bedrock (half-space)  
level; and radiation damping is modeled by using an absorbing boundary to prevent  wave  
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reflection. Through t his  approach, the incident motion must be used as input excitation, which 
can  theoretically be obtained from the  nearby rock outcrop motion  (with a ½ factor). As seen,  
this approach is only valid if  there is  no impedance contrast below the boundary level, a nd there  
is a very close rock outcrop motion. In another approach, the domain can be cut at any depth as  
long as the so-called within motion  is used as input excitation, a nd a fixed boundary is used.  

Figure 2. One-dimensional site response analysis approaches. 

We propose to solve the inverse problem using output-only sequential Bayesian 
estimation [12], [13], as shown in Figure 3. In this approach, the 1D FE model of the site is 
modeled up to the bedrock depth with an absorbing boundary condition if the bedrock is not 
rigid. A soil constitutive model is chosen, and its parameters are identified along with the 
unknown incident motion through the Bayesian model updating. The entire process is then 
repeated using different constitutive models, and the most plausible and its optimal parameters 
are determined through classical model selection criteria [14], [15]. This joint input-parameter 
estimation solution will be later verified and validated through synthetic and centrifuge test data, 
respectively. It should be emphasized that input-output estimation can be employed if the 
bedrock is rigid, and there is a measurement at the bedrock depth to use as input excitation. 

Figure 3. The one-step solution. 
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The  aforementioned joint  input-parameter estimation solution is prone  to a high level of 
uncertainty  if the number of parameters is  large or the number of in-depth recorded data is  
limited.  To resolve this issue,  we solve the  inverse problem in two  sequential  steps (see  Figure  
4). In Step 1, the 1D FE model of the site  is fixed  at the  lowest instrumented level,  such  that the 
recorded within motions  can be used as input  excitation. A soil constitutive model  is chosen, a nd 
its parameters are  identified through the Bayesian model updating. Once completed the  first step, 
the bedrock layer  is added to the  model in step 2 (through an absorbing boundary condition), a nd 
its parameters are  estimated along with the  incident motion, while  the system above  this level is  
known. Note that  the first step  can be limited to  any depth as long as there is measured within  
motion at that depth. This is a crucial benefit,  especially  for the cases with  deep bedrock level  
and only a few sensors at shallow depth for which properties  of those shallow layers  can be  
estimated with higher reliability. However, the  model has to be extended up to the bedrock depth 
in the second step to be  able  to estimate  incident motions too.   

Figure 4. The two-step solution. 

The Bayesian Model Updating 

Bayesian model updating is briefly reviewed for the readers’ convenience. The 
formulation is presented for the general case of input-parameter estimation, while it is employed 
partially in Steps 1 and 2 as part of the two-step solution described above. 

Let’s assume a site with  a soil deposit, a s shown in Figure 5  (left). There are  𝑚𝑚  soil layers 
located above an elastic half-space with finite rigidity (bedrock) and excited by vertically 
propagating earthquake  excitations. Absolute accelerations at  several points (not necessarily at 
all  layers or  even boundaries of layers) are recorded  by a geotechnical array. This continuous  
system can be  modeled using a  Finite Element (FE) model,  as shown in Figure 5  (right) [16]. In 
this model,  the soil is modeled in  two-dimensions using plane  strain elements. To account for  the  
finite rigidity of the bedrock, a Lysmer-Kuhlemeyer  [17]  dashpot is incorporated  at the base of  
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the soil column, whose coefficient equals the product of the mass density and shear wave 
velocity of the bedrock with the area of the base of the soil column (size of the element). The soil 
column is excited at the base by a horizontal force time-history, which is equal to the ground 
velocity multiplied by the dashpot’s coefficient [18]. 

Figure 5. Instrumented soil deposit (left) and its equivalent discrete FE model (right). 

The response of  the FE model  at each time step  to the applied force  time-history can be  
expressed as a  nonlinear  function of the  model parameter vector,  𝜽𝜽, and the  time-history of the  
force, 𝒇𝒇1:𝑖𝑖,  

𝒚𝒚�𝑖𝑖 = ℎ𝑖𝑖(𝜽𝜽, 𝒇𝒇1:𝑖𝑖 ), (1) 

where  𝜽𝜽 = [𝜃𝜃1, … , 𝜃𝜃𝑛𝑛𝜃𝜃 ]  contains  𝑛𝑛𝜃𝜃  parameters (e.g.,  the layers’ shear wave velocities,  
parameters  of the constitutive models, etc.) that define  the FE model, and   ℎ𝑖𝑖(. )  is the nonlinear  
response function of the FE model at time step  𝑖𝑖, encapsulating all  the dynamics of the  model  
from time step 1 to  𝑖𝑖. The measured response vector of the  site, 𝒚𝒚𝑖𝑖, is related to the FE predicted 
response, 𝒚𝒚� , as  𝑖𝑖

𝒗𝒗𝑖𝑖 (𝜽𝜽, 𝒇𝒇1:𝑖𝑖) = 𝒚𝒚𝑖𝑖 − 𝒚𝒚�𝑖𝑖(𝜽𝜽, 𝒇𝒇1:𝑖𝑖 ), (2) 

where  𝒗𝒗 ∈ R𝑛𝑛𝒚𝒚×1 
𝑖𝑖   is the simulation error vector  that  accounts for the misfit between the 

measured  responses of  the site at  𝑛𝑛𝒚𝒚  locations and the FE-predicted  response.  The simulation  
error  is ideally modeled  as a zero-mean Gaussian white  noise vector (i.e., 𝒗𝒗𝑖𝑖 ~𝑁𝑁(𝟎𝟎, 𝐑𝐑)) by 
neglecting the effects of modeling error. The objective of the estimation problem is  to find the  

𝑇𝑇
estimates  of the  unknown parameter vector, i.e., 

 
𝝍𝝍 = �𝜽𝜽𝑇𝑇 
𝑖𝑖 , 𝒇𝒇 𝑇𝑇

1:𝑖𝑖 � , for which the discrepancies 
between the measured  and FE predicted responses are minimized in a probabilistic sense. Since 
the estimation  problem is highly nonlinear, a sequential estimation approach is used to improve  
estimation efficiency. In our approach, the  time domain  is divided into successive overlapping 
time windows,  referred to as the estimation windows.  The  problem  is then solved at  each  
window to estimate  the  unknown parameter  vector.  
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Assume that the 𝑚𝑚-th  estimation window  spans from  time step  𝑡𝑡𝑚𝑚 
1  to time step  𝑡𝑡𝑚𝑚 

2 . 
Therefore, the unknown parameter vector  at this  estimation window is defined as  𝝍𝝍𝑚𝑚 = 

𝑇𝑇 
�𝜽𝜽𝑇𝑇 , 𝒇𝒇𝑚𝑚 𝑇𝑇 (𝑛𝑛 +𝑚𝑚 � , where  𝝍𝝍 𝜽𝜽 𝑡𝑡𝑙𝑙)×1 𝑚𝑚 𝑚𝑚 

𝑡𝑡𝑚𝑚:𝑡𝑡 𝑚𝑚 ∈ R  , in which 𝑡𝑡𝑙𝑙 = 𝑡𝑡2 − 𝑡𝑡11 2
 is the window length. The  

unknown parameter vector,  𝝍𝝍𝑚𝑚,  can be estimated using a parameter-only  Kalman filtering  
method (e.g., [19]). To this end, the  unknown parameter vector  is  modeled as a random vector,  
the evolution of which is  characterized by a Gaussian Markov process—also known as a random  
walk. Then, a state-space model  is set up, in which the state equation governs the  evolution of  
the random  parameter vector  and the measurement equation corresponds to the  discrepancies 
between the measured and FE predicted responses  [20], i.e.,  

𝝍𝝍𝑚𝑚,𝑘𝑘+1 = 𝝍𝝍𝑚𝑚,𝑘𝑘 + 𝜸𝜸𝑚𝑚,𝑘𝑘 ,  (3)  

𝒚𝒚𝑡𝑡𝑚𝑚1 :𝑡𝑡𝑚𝑚 
2

= 𝒚𝒚�𝑡𝑡𝑚𝑚1 :𝑡𝑡𝑚𝑚 
2 ,𝑘𝑘+1�𝝍𝝍𝑚𝑚,𝑘𝑘+1� + 𝒗𝒗𝑡𝑡𝑚𝑚 

1 :𝑡𝑡𝑚𝑚 
2 ,𝑘𝑘+1,  (4)  

where  𝜸𝜸 ~𝑁𝑁(𝟎𝟎, 𝐐𝐐), 𝒗𝒗 � �  �𝑡𝑡𝑙𝑙×𝑛𝑛𝒚𝒚�×�𝑡𝑡𝑙𝑙×𝑛𝑛𝒚𝒚� 𝑚𝑚,𝑘𝑘 𝑡𝑡𝑚𝑚1 :𝑡𝑡𝑚𝑚  
2 ,𝑘𝑘+1 ~𝑁𝑁(𝟎𝟎, 𝐑𝐑), where  𝐑𝐑 ∈ R  is a block 

diagonal  matrix, whose  block diagonals are  the  simulation error covariance matrix  𝐑𝐑. In Eqs. (3)  
and (4), 𝑘𝑘  denotes the iteration number. As can be observed, the estimation process at each  
estimation window is iterative, i.e., the mean vector and covariance matrix of the unknown 
parameter vector  is iteratively updated based on the discrepancies between the time  histories of  
the measured and estimated responses.   

An  Unscented  Kalman Filtering (UKF) [21]  method can then be used to update the  
unknown parameter vector at each iteration. In our method, the  nonlinear  FE model  is evaluated 
separately  at a set of deterministically selected realizations of the  unknown parameter vector,  
which are  referred to as  the  sigma points (SPs) denoted by  𝝑𝝑𝑗𝑗 . The sigma points are selected  
around the prior mean estimate 𝝍𝝍�− . In this  study,  a scaled  Unscented  Transformation  (UT)  based  
on 2𝑛𝑛𝝍𝝍 + 1  sigma points (i.e.,  𝑗𝑗 = 1,2, … ,2𝑛𝑛𝝍𝝍 + 1)  is used, where 𝑛𝑛𝝍𝝍  denotes the size of  the  
extended parameter vector. The mean and covariance matrix of the FE predicted structural  
responses,  and the cross-covariance matrix of 𝝍𝝍  and 𝒚𝒚  are respectively  computed using a  
weighted sampling method as  

2𝑛𝑛𝝍𝝍+1𝒚𝒚�  𝑗𝑗 = ∑  
𝑗𝑗=1 𝑊𝑊𝑚𝑚 𝒚𝒚�𝑖𝑖�𝝑𝝑𝑗𝑗�,   (5)  

� 2𝑛𝑛𝜓𝜓+1 𝑗𝑗 𝑇𝑇𝝑𝝑𝑗𝑗
 

𝐏𝐏𝒚𝒚𝒚𝒚 = ∑ 𝑊𝑊𝑒𝑒 �𝒚𝒚�𝑖𝑖� � 𝑗𝑗 −  − 𝒚𝒚���𝒚𝒚�𝑖𝑖�𝝑𝝑𝑗𝑗� 𝒚𝒚�� =1 + 𝐑𝐑,   (6)  

2𝑛𝑛𝜓𝜓+1 

𝐏𝐏�𝝍𝝍𝒚𝒚 = � 𝑗𝑗  𝑊𝑊 𝝑𝝑𝑗𝑗 − 𝝍𝝍�𝑒𝑒 � −�[𝒚𝒚�𝑖𝑖(𝝑𝝑𝑗𝑗) − 𝒚𝒚� ]𝑇𝑇 ,  (7)  
𝑗𝑗=1 

where 𝑊𝑊𝑗𝑗 
𝑚𝑚 and 𝑊𝑊𝑗𝑗 

𝑒𝑒  denote weighting coefficients  [21]. Now, the UKF prediction-
correction procedure can be employed to estimate the posterior parameter mean vector  𝝍𝝍�+  

𝑚𝑚,𝑘𝑘+1  
and covariance matrix 𝐏𝐏�+𝝍𝝍,𝑚𝑚,𝑘𝑘+1  at each  iteration. The proposed identification algorithm is  
summarized in  Table 1.  
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Table 1. Identification algorithm for joint estimation of the model parameters and the FIM time 
history. 

1. Set the estimation window length 𝑡𝑡𝑙𝑙, and the start and end points of each estimation window. 
2. Set the initial mean vector and covariance matrix of the unknown parameter vector as 

 𝑇𝑇𝑇𝑇 𝑇𝑇  0    𝐏𝐏��+ � 
0 0 , + 𝜽𝜽𝜽𝜽,0 𝟎𝟎 

𝝍𝝍 = �𝜽𝜽 𝒇𝒇𝑡𝑡0:𝑡𝑡0 � ,  and  𝐏𝐏𝝍𝝍,0 = � �.  
1 2 𝟎𝟎 𝐏𝐏�𝒇𝒇0 

3. Define the process noise covariance matrix 𝐐𝐐 and the simulation error covariance matrix 𝐑𝐑. Set up matrix 𝐑𝐑�. 
4. For the 𝑚𝑚-th estimation window: 

4.1. Retrieve the posterior estimates of the mean vector and covariance matrix of the unknown parameter vector 
from the last  estimation window  (i.e.,  +𝝍𝝍�   + 

1, and  𝐏𝐏+ 
𝑚𝑚− 𝝍𝝍,𝑚𝑚−1 ). Set up  𝝍𝝍�  +  and 𝐏𝐏+ 

𝑚𝑚,0 𝝍𝝍,𝑚𝑚,0  based on ψ̂ m −1  and 
𝐏𝐏+𝝍𝝍,𝑚𝑚−1.  
4.2. Iterate (𝑘𝑘  =  1,  2,  …):  

a.  Set  𝝍𝝍�  − = 𝝍𝝍�𝑚𝑚  +  − +
,k+1 𝑚𝑚,k, 𝐏𝐏𝝍𝝍,𝑚𝑚,𝑘𝑘+1 = 𝐏𝐏𝝍𝝍,𝑚𝑚,𝑘𝑘 + 𝐐𝐐. 

b.  Generate  sigma  points. Run the FE model for  (2𝑛𝑛 � �𝝍𝝍 + 1)  sigma  points. Derive   𝒚𝒚�,  𝐏𝐏𝒚𝒚𝒚𝒚, and  𝐏𝐏𝝍𝝍𝒚𝒚  using  
Eqs.  (5)-(7).  
c.  Compute  the  Kalman  gain  matrix:  𝐊𝐊 −1 

 = 𝐏𝐏�𝝍𝝍𝒚𝒚�𝐏𝐏�𝒚𝒚𝒚𝒚� .  
d.  Find the corrected estimates  of  the mean  vector and covariance matrix  of  the unknown  parameter  vector:  
 𝝍𝝍�+ = 𝝍𝝍�− + 𝐊𝐊  �𝒚𝒚 − 𝒚𝒚��,  𝐏𝐏+ − � � 𝑇𝑇 

𝑡𝑡𝑚𝑚 𝑚𝑚,k+1 :𝑡𝑡𝑚𝑚 𝑚𝑚,k+1 1 2 𝝍𝝍,𝑚𝑚,𝑘𝑘+1 = 𝐏𝐏𝝍𝝍,𝑚𝑚,𝑘𝑘+1 − 𝐊𝐊�𝐏𝐏𝒚𝒚𝒚𝒚 + 𝐑𝐑�𝐊𝐊 . 

e. Check for  convergence:   if  �𝝍𝝍�+ − 𝝍𝝍�+  �+  𝑚𝑚,𝑘𝑘+1 𝑚𝑚,𝑘𝑘 � < 0.02 × 𝝍𝝍 𝑚𝑚,𝑘𝑘−1  or 𝑘𝑘 + 1 > 10,  then move  to the next  
estimation  window  (𝑚𝑚  =  𝑚𝑚  +  1,  go  to  step  4);  otherwise,  iterate  again  at  the  current  estimation  window  
(𝑘𝑘  =  𝑘𝑘  +  1,  go to  step 4.2).   

The Selected Constitutive Model 

During the last few decades, a broad range of nonlinear soil models—uniaxial to multi-
axial, phenomenological to physics-based—have been devised (e.g., [22], [23], [24], [25], [26]). 
For example, one of the most well-known and advanced nonlinear soil models is the one devised 
by Elgamal and co-workers [26]. In that model, soil plasticity is formulated based on the multi-
surface concept, with a non-associative flow rule to reproduce the well-known dilatancy effect. 
The yield surfaces are of the Drucker-Prager [27] type. This model is frequently used in the 
direct simulation of SSI problems within the research community and is already available in 
OpenSees [28]. The multiple hierarchical yield surfaces of this model enable it to approximate 
the soil behavior within a broad range of strain regimes, but this is also its disadvantage in that a 
large number of requisite model parameters renders the calibration process formidable. By the 
same token, the model may exhibit spurious sensitivities. As we are going to solve a massive 
inverse problem using real-life data, these two major drawbacks are problematic. 

A model with a simpler scaffold is that proposed by Borja and Amies [23]. This is also a 
multi-surface model but it only has a bounding surface and a vanishing elastic region. 
Incidentally, the Borja-Amies (BA) model only needs a few parameters for calibration. The 
validity of this model was examined by utilizing the downhole array motions recorded at Lotung, 
Taiwan, through one-dimensional nonlinear site response analyses [29] with promising success. 
The model admits an additive decomposition of the stress into inviscid (frictional) and viscous 
parts, as in: 

𝝈𝝈 =  𝝈𝝈𝑖𝑖𝑛𝑛𝑖𝑖 +  𝝈𝝈𝑖𝑖𝑖𝑖𝑣𝑣 ,      𝝈𝝈𝑖𝑖𝑛𝑛𝑖𝑖 = 𝑪𝑪𝑒𝑒: (𝝐𝝐 − 𝝐𝝐𝑝𝑝),     𝝈𝝈𝑖𝑖𝑖𝑖𝑣𝑣 = 𝑫𝑫: 𝝐𝝐  (8)̇  
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where  𝑪𝑪𝑒𝑒  and D  are elastic stiffness and  viscous damping tensors, respectively;  𝛜𝛜  is the 
total strain tensor; 𝛜𝛜𝑝𝑝  is the plastic  strain tensor; and  𝛜𝛜  is the  total strain rate.  Given this  
decomposition, the model can also incorporate material level strain-rate-dependent damping, 
which enables a modeler to match field-identified damping behavior, even when such behavior  is 
complex. Omitting details here  for brevity, the  main equation to calibrate  this model is,   

̇

𝑚𝑚 −1 
𝐺𝐺 3 2𝜏𝜏𝑜𝑜 𝑅𝑅⁄√2 + 𝜏𝜏

=  1 −  � �ℎ � 𝑜𝑜 − 𝜏𝜏 
  � + 𝐻𝐻0� 𝑑𝑑𝜏𝜏  (9)  

𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 2𝜏𝜏𝑜𝑜 0 𝜏𝜏 

where G = τo/γo  is the secant shear stiffness, and  R  is the  radius of the bounding surface, 
and parameters h, m  and H0  control  the intensity of the hardening. The model can be  directly 
calibrated using an experimentally  obtained (or otherwise  estimated from real-life) G/Gmax  curve  
[30]  and a frequency-dependent damping curve. In the present study, we will  explore the  
capabilities  of this  soil model in capturing  the dynamic  response of soils, and we will incorporate  
it with the  UKF-based estimation method we  have  described above.  

The advantages of the BA model are clear:   
• It is a thermodynamically consistent model based on the classical viscoplasticity 

framework with well-defined parameters. 
• It is a three-dimensional model, and thus, if it is accurately calibrated, it can accurately 

predict soil behavior under multi-axial stress states, such as those due to irregular surface 
topography and soil stratigraphy, or underground scatterers. 

As a part of a parallel study, the BA model has been successfully implemented in 
OpenSees and extensively verified and validated [31]. In this study, we use OpenSees [28] for all 
needed simulations, and the soil model is this recently implemented BA model. 

Verification 

Proof-Of-Concept Study 

To verify the single-step j oint input-parameter estimation  solution, we synthetically 
generated the acceleration response of a 4-layer  soil deposit on top of bedrock, a s shown in 
Figure  6. To show that the estimation solution can work regardless  of the material model,  
pressure-dependent elastic-plastic  behavior is  considered for the  soil  wherein  plasticity is 
formulated based on the multi-surface concept  with a non-associative  flow rule to reproduce the  
dilatancy effect [26]. This model  is already implemented in OpenSees  [28]. The most important  
parameters  needed to create  this  model are shown in Figure  6 for reproducibility. A  Rayleigh 
damping matrix  is considered, which generates low strain damping ratios of 2% at 0.2 and 20 
Hz. The  model is  excited by the ground motion shown on the bottom-right of Figure  6, which  is 
recorded by the Gilroy #1 array;  and  the site response (accelerations)  is measured  at five below-
ground locations.  

Since the numerical accuracy of the wave transmission is known to be affected by both 
the frequency content of the input and the propagation wave-speed characteristics of the domain, 
the spatial element size was considered to be one-tenth of the smallest wavelength [32]. By 
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limiting the frequency of interest to 20 Hz and by assuming a minimum shear wave velocity of 
40 m/s (much lower than available values), the element size of 0.2 m was used in this example. 
As this is an inverse problem, we used uniform meshing in-depth, while a finer mesh could be 
used in layers with higher shear wave velocities. Also, while the sampling rate is kept at 200 Hz 
in the analyses for the accuracy of the direct integration method, the highest reliable frequency 
would be 20 Hz. 

Figure 6. An illustrative example. 

Figure 7. Identification results. Recorded and predicted responses (top-left), exact and identified 
bedrock acceleration (bottom-left), and Hysteresis loops near the surface and near the bedrock 

(right). 
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The input force (i.e., bedrock velocity time history), the shear wave velocities at three top  
layers, the pressure-dependency coefficient (𝑑𝑑), and low-strain  damping are assumed as 
unknown parameters and are estimated through the proposed output-only estimation method. We  
only used 10 seconds of  the signals for the  estimation and ran the algorithm in consecutive 2.5-
second windows with a 1-second overlap. We assumed a 50% initial  error  for the unknown 
parameters. The identification results are shown in  Figure 7. As seen, the  bedrock acceleration, 
site response at the instrumented  locations,  as well as hysteresis loops near the surface and the 
bedrock are  identified with very good accuracy (no stress/strain data was used for  the 
identification). Results  show that all  of the unknown parameters, except the damping value, are  
estimated with final errors that  are less than 3%. The damping  value was not accurately  
identified because it does not significantly change the  site response as seen in  Figure 7. The  
sensitivity of the measured response with respect  to the model parameters (parameter  
identifiability) needs an in-depth  identifiability study which will be discussed later.   

The Lotung Site 

To verify the proposed inverse solution, the Lotung site is simulated which will be later 
used for the validation studies too. Therefore, this site and its data are briefly reviewed here. 

The Lotung Large-Scale Seismic Tests (LSST) site is located  in the North-East of  
Taiwan. This site was established in  a seismically active region in 1985 to study seismic soil-
structure  interactions effects on nuclear power plants. To do so, two scaled structures were 
constructed by the Electric Power Research Institute (EPRI) and the Taiwan Power Company 
[33]. In addition to the structures, the responses of the soil were recorded in several locations on 
the surface, and  at different  depths, a s shown in Figure 8.  Due to such dense instrumentation, the  
data from  this site has been the subject of  many studies [29], [34]–[38]. Specifically, Zeghal and 
Elgamal [7], [39]  have extensively studied several earthquake data sets recorded at this site 
between 1985 to 1986 (Table 2)1.   

 
Out of these 18 events, the first  three events and Event No. 13 are not  available. Also, the  

digitized signals' resolution i s relatively poor  in several cases  (Events No. 5, 6, 8, 9, 10, 15, 17, 
and 18). We also need data with a  significant  level of  motion to observe  soil nonlinearity. 
Moreover, the  site's behavior  must be close  to 1D, so the source of  the earthquake should be far  
from the site. Considering these criteria, events 7  and 16 are  the  best candidates that  have been  
used by Borja et al. [29], [38], [40]  too. The channels mostly used in previous studies  and used 
here are FA1-5, DHB6, DHB11, DHB17, and DHB47 (see  Figure 8) which are at depths of 0, 6, 
11, 17, and 47 meters, respectively. It is noteworthy that Channel 47 is not available  in Event No.  
16, so Step 1 (Input-Output identification) can  only be  carried out for the first 17 meters.   

1 Data is publicly available at http://soilquake.net/Downholearray/Lotung/ 
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Figure 8. Plan (left) and elevation (right) views of the Lotung site. 

Table 2. Recorded earthquake data at the Lotung site [7], [41]. 

As the BA model  is being used in this study, we model  the  Lotung site  using the  
information provided by Borja  et al. [29], [38]. Figure 9  shows the layered FE model of the first 
47 m of the  Lotung site  with a fixed bottom  condition (within boundary condition) and the shear  
wave velocity and elastic shear modulus profiles. The instrumented depths are specified by red 
circles (the lowest  level is at the fixed boundary). The parameters of the BA model for  all layers 
are the same and taken  from  [40]  as  𝑅𝑅 = 0.0015𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚, 𝐻𝐻0 = 0, ℎ = 0.63𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚, 𝑚𝑚 = 0.97  and the  
Poission ratio is 0.48. The fundamental natural  frequency of the elastic  model  that is  fixed at  
47m-depth  is 1.33 Hz. Note that  this  frequency could be different from the natural  frequency of  
the Lotung site. The natural frequency of the  model is obtained by applying a fictitious fixed 
boundary condition (imposing an infinite  impedance contrast), but the dominant frequency 
observed in the recorded data could be different  depending to the depth at which there is actually  
such significant impedance contrast  [42].   
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Figure 9. The FE model of the first 47 m of the Lotung site with a fixed bottom condition (left) 
and shear wave velocity and elastic shear modulus profile (right) [40]. 

To set the damping parameters, Borja et al. [40] identified a dominant excitation 
frequency of 0.65 Hz from the recorded signal at a depth of 47 m in the LSST7 event. They 
assumed a 1% stiffness proportional damping resulting in a factor of 0.005. So, the same level of 
damping was assumed in this study whenever simulations are carried out. To make the results 
comparable, the same modeling and analysis assumptions are used. An element size of 1 m is 
used through which frequencies up to 25 Hz can be resolved. So, all recorded signals are 
decimated to 50 Hz. Analyses are also carried out at the same rate, but subsampling is used 
whenever there is a convergence issue. Similar to [40], the Hilber-Hughes-Taylor (HHT) 
integration method with 𝛼𝛼 = −0.1, 𝛽𝛽 = 0.3025, and 𝛾𝛾 = 0.6 is employed for all analyses. The 
effect of pore water pressure is neglected and all analyses are carried out in a total stress state. 

Verification Studies 

As mentioned earlier, the first step of the proposed two-step solution can be carried out 
for any depth as long as there is a sensor at that depth to record the “within motion.” So, we 
present results for the first 17 m because there is a large gap between this depth and 47 m. 

As shown before (see Figure 9), the  modulus of elasticity increases  linearly  in the first 17  
m. So, the parameters 𝑃𝑃1  to 𝑃𝑃9  are considered as candidate updating parameters  to represent the  
soil properties using the  following definitions:  

𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑃𝑃1 + 𝑧𝑧𝑃𝑃2  (10)  

𝜈𝜈 = 𝑃𝑃3  (11)  

𝑆𝑆𝑢𝑢 = 𝑃𝑃4 + 𝑧𝑧𝑃𝑃5  (12)  
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ℎ = 𝑃𝑃6 + 𝑧𝑧𝑃𝑃7 (13) 

𝑚𝑚 = 𝑃𝑃8 (14) 

𝑎𝑎1 = 𝑃𝑃9 (15) 
where 𝑧𝑧  is the depth from  the ground surface and 𝑆𝑆𝑢𝑢  is undrained shear strength. An 

identifiability study [43]  is first  carried out using LSST7 simulation data  to find out which 
parameters are identifiable.  Figure 10(left) shows  the entropy gain of  these 9 parameters. As  
seen, the Poisson’s ratio is unidentifiable (at least  around the  assumed value), while  the other 8 
parameters are identifiable. However, there  are  two important notes: 1- the identifiability here  
means the responses are sensitive to the variation  of these parameters, but  the results of the 
identification could be sensitive to the start point, as the problem  is not  convex. 2- There is no 
absolute threshold above which parameters are guaranteed to be identifiable. Indeed, this index 
can only detect the identifiability of parameters  with respect to each other. Another fact that can  
reduce  the identifiability of the parameters is their mutual correlation.  Figure 10(right) shows the  
severity of  this correlation among these nine parameters  (scaled to their entropy to be  
comparable). As seen, the only significant  correlation is between parameters defining depth 
variation of 𝑆𝑆𝑢𝑢  and ℎ. That is, 𝑆𝑆𝑢𝑢  and ℎ  might  not be properly identified.  

Figure 11 s hows how the identification algorithm  performs having 8 unknown parameters  
(the Poisson ratio is excluded) and using simulated data from  LSST7 event. We started the  
identification assuming  a 50% initial error. As seen, while the predicted  responses are perfectly  
matched to the recorded  (here simulated) responses, some parameters are not identified very well  
due to the observed cross-correlation in the  identifiability results.   

We repeated the same problem with  depth invariant parameters in simulation and  
identification, i.e., 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑃𝑃1, 𝑆𝑆𝑢𝑢 = 𝑃𝑃4, ℎ = 𝑃𝑃6, 𝑚𝑚 = 𝑃𝑃8, and 𝑎𝑎1 = 𝑃𝑃9. As shown in Figure 12, 
this is a healthy identification problem because there is no information sharing among  
parameters,  so all  five parameters are identified  with an acceptable level  of accuracy.   

Figure 10. The identifiability study: entropy gain of each parameter (left), and the mutual 
information (right). 
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Figure 11. The identification results using 8 parameters. Left: identification progress, right: 
comparison between recorded (simulated) and predicted responses in the EW direction at the 

ground surface and depth 6m. 

Figure 12. The identification results using 5 parameters. Left: identification progress, right: 
comparison between recorded (simulated) and predicted responses in the EW direction at the 

ground surface and depth 6m. 

Validation 

The Earthquake Data of The Lotung Site 

Having a good understanding of the parameters’ identifiability and the algorithm’s 
performance, we use the real data from the LSST16 event to validate the estimation method. This 
event was selected because the behavior of the site is more close to 1D due to the long distance 
to the earthquake source [38]. We carry out the identification using two sets of updating 
parameters. In the first case, we use the same set of 8 parameters used in the simulated case 
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study, and we start the identification using the  values suggested in [38]. Figure 13(left) shows  
how the parameters change in time when different time windows of data are received  by the 
identification algorithm. The comparison between recorded, initial, and updated responses in 
Figure 14(left) shows  that the updated model can predict responses, 22%,  15%, and 13% more  
accurately  than the initial model  in the EW-direction, respectively. By fixing the shear strength 
and consequently reducing the number of parameters, the accuracy of  the  updated model is  even 
higher as  shown in Figure 14(right). The percentage numbers are 27%, 19%, and 16%,  
respectively, in this case.   

Figure 13. The identification results using two different parameter sets. 

Figure 14. Comparison between recorded, initial, and updated responses using two different sets 
of parameters. The plots from top to bottom are responses at the ground surface to a depth of 11 

m, respectively.  
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The Centrifuge Test Data 

The centrifuge test data is p recious data for the validation studies because parameters of  
the domain and input excitations  are  largely under control. Herein, we use  data from a  very 
recent centrifuge test series on buried culvert structures. The configuration of the test  and the 
types of  input excitations used to excite  the domain are shown in Figure 15. The details of  these  
tests can be found in [44]. The data from the free-field column (far from structures) under Event 
#10 is used here. The 1D-3C FE model, the  sensor location, and the parameters of the BA model,  
which are  obtained from [45], a re shown in Figure 15  too.  Assuming these values as exact  
parameters, the simulated responses  at 5 instrumented elevations under Motion #10 are  
compared with the recorded signals in Figure 16. The simulation was carried out in both 
OpenSees  and Abaqus for further verification of  the  OpenSees  BA implementation. As seen, the  
model can simulate the response very well.   

Figure 15. Centrifuge experiment.  

AF28 AE25 AD18 

AC12 AA1 
Figure 16. Forward simulation using assumed considered exact values.   

We use this model and data to validate the single-step solution, as the  model is physically 
fixed at the  base. The base motion along with seven parameters  specified in Figure 15  are 
considered as unknown parameters. We start  the  updating assuming a 50% initial error for  the  
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parameters and  10% initial Coefficient Of Variation (COV). The results  of the  identification are  
shown in Table 3. As seen, out of these 7 parameters, Parameter 3 has a very large estimation  
COV showing that the problem is almost insensitive  to this parameter,  and the estimated value is 
unreliable.  All other parameters are  estimated with small COV,  and the estimated values are 
reliable,  and most of  them are close to the considered exact values with various differences.  
However, Parameter 5 shows a very  large difference with respect to  the considered  exact value.  
To see how the predicted responses using these values differ from  Figure 17  is presented. In  this  
figure, the comparison between recorded and predicted using the estimated parameters are shown 
on the right  side, while the previous simulations are shown on the left side. As seen, the 
responses obtained  from the updated model  are closer to  the recorded  responses. As these 
responses  are used for  the model updating, it is not surprising to see such better prediction, but  as  
shown in Figure 18, the  estimated input excitation is very close to the recorded motion at the  
base of the shake table, c onfirming the results of  the output-only  model updating is very reliable.   

Figure 17. Comparison between recorded and predicted acceleration responses at four top 
sensors using considered exact (left) and identified (right) parameters. 
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Figure 18. Comparison between exact and estimated input excitations. 

Table 3. identification results. 
Parameter  Initial Value   Final Value   Initial COV   Final COV   

 1  +50%  -1.4%  10%  0.0% 

 2  +50%  +91%  10%  0.2% 

 3  +50%  +50%  10%  70% 

 4  +50%  +7%  10%  1.0% 

 5  +50%  +800%  10%  3.2% 

 6  +50%  -33%  10%  2% 

 7  +50%  -13%  10%  0.0% 

 

 

 

 

 
         

 
  

 
 

 

 

 
 

Application to CSMIP Geotechnical Arrays 

As a real-life  application, the data from the CSMIP station 68323 is used. Figure 19(left) 
shows the instrumentation layout and the P- and S-wave velocity profiles. The idealized version 
of the  Vs  profile was taken from [46]  as shown in Figure 19(right). this idealized profile was later 
more idealized into 6  layers as colored  in Figure 19(right). By the time of this study, 8  
earthquake events have been recorded by this station, which are all very weak motions. The  
largest event is the 2014 South Napa event in which Peak Ground Acceleration (at  the  surface)  
was about 0.03g.  

The  Vs  profile below 35 m is  unknown, so we only carry out the first step (input-output)  
identification. Figure 20  shows the comparison between the predicted responses using the  
updated model and the recorded signals. The comparison between the updated Vs profile and the  
initial  and modified profiles are  shown in Figure 21. The modified profile  is the  idealized version  
of the  initial profile as shown in Figure 19(right).   
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Figure 19. Benicia-Martinez Geotechnical Array. Instrumentation layout from CESMD (left), 
shear wave velocity, and small-strain damping profile. 

Ground surface Depth 11 m 
Figure 20. Comparison between recorded and predicted responses in the South Napa 2014 

earthquake. Plots from top to bottom show NS, vertical, and EW directions. 

To see how this updated model works under another earthquake event, we carried out a 
blind prediction under El Cerrito 2010 event. Figure 22 shows a comparison between recorded 
and predicted ground surface motions using initial(modified) and updated models. As seen, the 
updated model can predict the ground surface more accurately. 

Several other CSMIP stations were also studied using the proposed method. The results 
of those cases will be presented in the final report of the project. 
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Figure 21. Comparison between initial, modified, and updated Vs profile. 

Initial(modified) model Updated model 
Figure 22. Comparison between recorded and predicted ground surface responses in the El 
Cerrito 2010 earthquake. Plots from top to bottom show NS, vertical, and EW directions. 

Conclusions 

Dynamic soil properties are key ingredients of analysis for predicting/assessing soil-
structure interaction (SSI) and site response effects under seismic excitations. Although there are 
various techniques and tools to carry out forward site response analysis with various complexity 
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levels, there could be significant uncertainty due to the available uncertainties in nonlinear soil 
models and their parameters. In this project, we developed, tested, and validated input-output and 
output-only identification algorithms to estimate nonlinear soil properties from data recorded in 
the geotechnical array. The method was verified using synthetic examples and validated using 
centrifuge data and data recorded in the well-known Lotung site. The method was also applied to 
several CSMIP Geotechnical Arrays. 
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